In this work, we solve the eigenvalues problem with the Bohr collective Hamiltonian for triaxial nuclei within Deformation-Dependent Mass formalism (DDM) using the Hulthén potential . We shall call the solution developed here Z(5)-HDDM. Analytical expressions for energy spectra are derived by means of a recent version of the Asymptotic Iteration Method. The calculated numerical results are compared with the experimental data, and the model Z(5)-H using the Hulthén potential without DDM formalism as well as theoretical predictions of Z(5)-DDDM model with Davidson potential.
Introduction
Usually, in Bohr's Hamiltonian, the mass parameter is considered as a constant. However, there is a growing evidence that this approximation may be inadequate. Several comparisons with experimental data have recently pointed out that the mass tensor of the collective Hamiltonian cannot be considered as a constant and should be taken as a function of the collective coordinates. Based on these proofs, a Bohr Hamiltonian with a mass depending on the collective variable can be treated. It should be noticed that the concept of a non-constant mass has been used long ago in quantum physics. But, it has been introduced for the first time in nuclear physics by D. Bonatsos et al [1] Atomic nuclei exhibit phase transitions as a function of the number of nucleons. These phase transitions are of quantum type. Several critical points of symmetries namely E(5), X(5), X(3), Z(5), Z(4) have been introduced. In this work, we will focus on the critical point of symmetry Z(5) which represents the transition from prolate axially symmetric SU(3) nuclei to oblate shapes. We will consider a Bohr Hamiltonian with the Hulthén potential including a mass parameter depending on the collective coordinate β. The structure of the present work is as follows. In Section 2, the theoretical background of the elaborated model Z(5)-HDDM is briefly presented. In section 3, we give the obtained analytical expressions for the energy levels by means of Asymptotic Iteration Method. Section 4 contains results and discussion about the effect of DDM on the energy spectra of Xe and Pt isotopes. 
Where B is the mass parameter, which is usually considered constant, β and γ are the usual collective coordinates (β being a deformation coordinate measuring departure from spherical shape, and γ being an angle measuring departure from axial symmetry), while Q k (k = 1, 2, 3) are the components of angular momentum in the intrinsic frame. Using a mass depending on the deformation coordinate β,
where B 0 is the constant mass and f (β) the deformation function. The Schrodinger equation corresponding to the Hamiltonian (1) is given by [1] HΨ(β, γ,
Where θ i are the Euler angles and the reduced energies ε, reduced potential v(β, γ), effective potential V ef f (β, γ) are respectively
The function f (β) depends only on the radial coordinate β, so only the β part of the above equation is affected.
Separable form of the Hamiltonian
In order to achieve a separation of variables, we assume that the reduced potential v(β, γ) depends on the variables β and γ and has the form [3] [4] [5] [6] 
with w(γ) having a deep minimum at γ= π 6 and the wave functions have the form
The separation of variables gives
and
where Λ is the separation constant and equation (6) can be simplified by performing the derivations
In the present work, we use the Hulthén potential [7, 8] with a unit depth as in [9, 10] 
where τ = 1 b is a screening parameter, and b is the range of the potential. This potential has some properties, namely it behaves as a short-range potential for small values of β and decreases exponentially for very large values of β. By inserting the function R(β) = β 2 ξ(β) in the radial equation (8), one obtains
(11) In order to make connection between our results and those obtained in ref. [11] , we have replaced 2ε by in the the above equation, so one obtains
where
The special form for the deformation function is
Using these forms for the potential and the deformation function in Eq. (13), one obtains
Where
Equation (12) becomes
To simplify equation (17), we will proceed to a change of the function R(β) by
So equation (17), becomes
From this equation, if we set the deformation parameter a = 0, we recover the equation (7) of ref. [11] . Because of the centrifugal potential and the form of the Hulthén one, the Schrodinger equation (19) cannot be solved analytically. So we will proceed to a rigorous approximation that allows to tackle this problem. For a small β deformation, the centrifugal potential could be approximated by the following expression, as in refs. [12] [13] [14] 1
This approximation is also valid for small values of the screening parameter τ . By using the new variable y = e −τ β , we obtain
Rewriting equation (19) by using the new variable y, we obtain
If a = 0, the dependence of the mass on the deformation is canceled, then we easily check that we get the equation (9) of ref. [11] . The Schrodinger equation (22) cannot yet be solved analytically because of some terms. So, in the absence of a rigorous solution to this equation, we can use a further approximation. For a small deformation parameter a (a << 1), as a first approximation, we can neglected the following terms: ay 2 − 2ay + a, k 1 + 2a and k1 τ 4 y . So equation (22) becomes
In order to transform the above differential equation to a more compact one, we use the following variables
So, the differential equation (23) becomes
To apply the asymptotic iteration method of refs. [15, 16] , the reasonable physical wave function that we propose is as follows
For this form of the radial wave function, eq. (25) reads
with
Equation (27) leads us directly to the energy eigenvalues using the new generalized formula [17] which replaced the iterative calculations in the original AIM formulation [18] .
The above formulation gives the energy spectrum of the β equation
where n is the principal quantum number and k −1 is defined previously as a function of Λ, which represents the eigenvalues of the γ-vibrational plus rotational part of the Hamiltonian for triaxial nuclei. If we set the deformation parameter a = 0, our energy spectrum formula eq. (30) is in agreement with the energy formula obtained in previous works refs. [11, [19] [20] [21] .
For eq.(7), which represents the γ variable, we use a new generalized potential proposed in [22] that is inspired by a ring-shaped potential
where c and s are free parameters. Inserting this form of the potential in equation (7), we get
Since the potential is minimal at γ = π 6 , then the angular momentum term can be written as the form [23, 24]
One then take wave functions of the form
Thus, the separation of variables leads to the following set of differential equations
where D(θ i ) denotes Wigner functions of the Euler angles θ i (i = 1, 2, 3), L is the total angular momentum quantum number, while M and α are the quantum numbers of the projections of angular momentum on the laboratory fixed z-axis and the body-fixed x -axis, respectively.
Since the deformation function f depends only on the radial coordinate β, only the β part of the resulting equation was affected, the solution of the angular equation (see ref. [11] for details ) gives
where n γ is the quantum number related to γ-excitation, and n w the wobbling quantum number. Finally, the analytical expression of Λ, which represents the eigenvalues of the γ-vibrational plus rotational part of the Hamiltonian for triaxial nuclei is
Numerical results
The model Z(5) − HDDM is applied for calculating the energies of the collective states for the 126, 128, 130, 132, 134 Xe and 192,194,196 P t isotopes. All these nuclei show the signature of the triaxial rigid rotor [27, 28] 192, 194, 196 P t isotopes are good candidates for the triaxial rigid rotor model. Note that the formula (40) serves here as a guide in choosing the candidate nuclei and therefore, we have also added the 126,132,134 Xe isotopes in our analysis. The allowed bands (i.e. ground state, β and γ) are labelled by the quantum numbers, n, n w , n γ and L. As described in the framework of the rotationvibration model [29] , the lowest bands for Z(5) are as follows 1. The ground state band (gsb) is characterized by n = 0, n γ = 0, n w = 0 2. The β band is characterized by n = 1, n γ = 0, n w = 0.
3. The γ band composed by the even L levels with n = 0, n γ = 0, n w = 2 and the odd L levels with n = 0, n γ = 0, n w = 1.
The energy spectrum is given by equation (30) and depending on four parameters, namely the screening parameter τ in the β potential, the ring-shape parameters c and s of the γ potential and the deformation parameter a. Our task is to fit these parameters to reproduce the experimental data by applying a least-squares fitting procedure for each considered isotope. We evaluate the root mean square (rms) deviation between the theoretical values and the experimental data by
where E i (exp) and E i (th) represent the theoretical and experimental energies of the i th level, respectively, while m denotes the number of states. E(2 + 1 ) is the energy of the first excited level of the ground state band. The corresponding free parameters (τ , c, s) and the deformation parameter a are listed in table 1. In this table, we give the fitted parameters allowing to reproduce the experimental data [30] and Z(5) model [31] . The results presented here have been obtained for δ = λ = 0. Different choices for δ and λ lead to a renormalization of the parameter values τ , c, s and a , so the predicted energy levels remain exactly the same. In table 2, we compare the quality measure σ of our results Z(5)-HDDM with Z(5)-H [11] , Z(5) [31] and Z(5) − DDDM [1] . Let's just point out that with Davidson's potential [1] , for 192 P t isotope, the highest level of beta band is 0 (4 in our case), for 194 P t isotope, the highest level of beta band is 5 (8 in our case) and for 196 P t isotope, the highest levels of even gamma band is 2 and odd gamma band is 6 (respectively 4 and 8 in our case).
Conclusion
In this work, we have solved the eigenvalues problem with the Bohr collective Hamiltonian for triaxial nuclei within deformation-dependent mass formalism. Using the potential of Hulthén, we have improved the accuracy of the results obtained in reference [11] except for isotopes with the deformation parameter a equal to 0. From the comparison with the results obtained in Ref [1] using the potential of Davidson, one can conclude that the results for 126,128,130 Xe isotopes are less accurate but for 132,134 Xe and 192,194,196 P t isotopes, we have an improvement in accuracy. Our results confirm those obtained in Ref [1] concerning the vibratory nature of the isotopes 128,130,132,134 Xe. It has been shown that, whether with Hulthén's potential or with Davidson's potential, the results have been improved in general, compared whith the infinite square well. Consequently, for a better description of the experimental data or to enlarge the palette of applications, it is important to test other more flexible potentials.
